The problem is to generate an approximation to a sine wave with eight Bézier curves. 

There are nine points the curves must pass thru. [zo, yo], [xs, ys], [ee, ye], [@9, yo], [t12, yal, [eis, yis], 
[18, yis], [w21, yor], [t24, yoal, 

There are 16 control points to find. Solve for the first curve. 


q=a (Bt 1) +b) (2t 1) To + x3 


p=b agp t+2 bo 


Po = 2 bo 
1 
q = Go (3 ? 1) + po (: >) Lo + #3 


p=G6aot+po 


p3 = 6 ao + po 


_ P3— Po 
6 


6 ¢ = 3 t? (ps — po) + 6 po t — 2 po — ps + 6 (#3 — 20) 


p=po(l—t)+ps3t 


ao 


6 qo = —2 po — p3 + 6 (43 — #0) 
6 q3 = pot 2 p3 + 6 (#3 — #0) 


The second curve is next. 


6 q3 = —2 p3 — pe + 6 (a6 — #3) 


_ Po Pe , 3X 3 3&6 
rn a oe) ST 9 
The third is next. 
P3 P9 3.23 34 3 £9 
ny or a) a) 
_ Pe pig , 3&6 3 312 
po 4 4° 9 oT 9 
_ Po pis , 3x9 3 nod 3215 
P12 = 4 4 5 12 4 5 
_ Piz pig , 3®12 3 318 
Pi5 = 4 4 5) 15 5 
pia = Pip Ppa , 3%15 3 3.291 
18 4 7 5 18 5 
pa = Pig pra , 3X18 3 3224 
21 4 rl 5 21 5 


There are seven equations to solve. For a sine curve pp = 0, pig = 0, and pag = 0. That and other information 
about the sine curve reduces the problem to three equations for the first half and three equations for the 


second half. 
_ 45 xg : 3x19 5l xs 18 x6 9 x9 


Ps = “38 "98 “7 7 14 
— 38 3 k12 ; 1823 302%6 ; 18 x9 

PO 7 7 7° 9 
_ 320 ; 45a12 Yas ; 18 x6 51 x9 

bo = 98 "98 4° 7 14 


There are three equations for the second half. 


_ 45 a1 51 vis : 18 x18 9 xo : 3 X04 


Pls = 98 4° 7 14" 28 
_ 3@12 : 18 L15 30 x18 : 18 L21 3 24 
rr an 7° 7 7 
_ 3.2419 9 x15 j 18 X18 51 L21 j 45 LI4 
Pas 4 14" 28 
The values of are equally spaced. . 
3 = LO + 4 
T 
LG = LO + 9 
37 
Lg =o + 7 


yg =Xot 7 
[p3 = 0, ps = 0, po = 0) 


[Pis = 0, pig = 0, par = 0] 
7 


fo= | 
T 
4 
) 


WT 


i 


3 (%3 — te) = 


W 
w2—= 93 T5 


The other control points have similar values. Now we repeat the process for the y values. 


_ 45 Yo j 3 Y12 51 ys j 18 U6 9 Yo 
P3—= “98 7 98 4° 7 14 
_—  3yo  3yi2 , 18y3 3046 | 18 y9 
rn 7 ' 7 7 ' 7 
_ 3 Yo j 45 Y12 9 ys j 18 U6 51 y9 
Po= 98 7 28 4° 7 14 


Y — Yo = sin (4 — a) 
¥3 — Yo = sin (x3 _ tq) 
as 
ys — yo = sin (=) 


_ V2 

Ys ~ Yo= ~5 

i. ft 

Ye — Yo = sin =) 
Ye —Yo=l 


2 


_ . 37 
yo — yo = sin (| 
7 V2 
Y9 Yo = a 
Yi2 — Yo = 0 
7 v2 
Y15 — Yo = = 
Yis —Yo=—l 
Vv 
Y21 — Yo = > 
Yyoa — Yo = 0 
18 by2  _ Wy? 30. 8 V2 
P3 = 7 » PE = 7 7 Po a 7 
_ yi, 3424 Slyis | Wyis Iyer 
pis = 98 28 4° 7 14 
3yi2  3yoa , Wyss  380y%8 | 18 yar 
Pisa 7° 7 7 "7 
_ 3yi2 , ya 9y5 | yg Sl yor 
Pal = 9g "98 4° 7 14 
_by2_ 18 30 18/2 _ V2 18 
Pis = 7? 18 7 7 » Pa = 7 
6 qo = —2 po — p3 + 6 (y3 — yo) 
6 ¢3 = po + 2 ps + 6 (y3 — yo) 
6 (3 (41 — yo)) = —2 po — ps + 6 (ys — yo) 
yp = Po PB 2yo | y3 
' 9 18' 3 ' 3 
6 (3 (ys — y2)) = po +2 ps +6 (y3 — yo) 
_ Po _ Pa | yo, 2y3 
P= TE 97 37 3 
ne Po P3 , 2Yo y= Po Ps, Yo , 2y3 
' 9 1! 3 ' 3° is 9' 3° 3 
we pP3 pe | 2 Y3 Wy = P3) Pe «| 3) 2Y6 
“ 9 1! 3 ' 3°" is 9' 3° 3 
_ pe po , 2y6 , Ys Pe Po Ye  2Y9 
on is’ 3° 3°78” 9 7 3B 3 
_ Po pia , 2Y9 , Ye _ Po pin, yo , 2Y12 
Mog ag Fg F374 gg TB 3 
yi3 = P12 P15 2y12 Y15 ya = P12 P15 Y12 2 Y15 
18 9 18 3 3° is 9 | 3 3 
Yig = P15 P18 2 Y15 Y18 wit = P15 P18 Y15 2 Y18 
we 9 18 3 grt i 9 | 3 3 


ns = 


ss = 


Calculate the y values of the control points: 


Pis — pat 2 yis Ya yoo = Pigs Par Y18 2 yor 
9 18 3 30" i 9 | 3 3 
Pai p24 2 yor Y24 yos = P21 p24 Ya 2 yoa 
9 18 3 308 i 9 | 3 3 
_ 2Vv2 1 
Y1 Yo 7 7 
_ 4Vv2 2 
Y2 = Yo 7 7 
_ 3v2 2 
Y4 Yo 7 17 
¥s = yot1 
¥Y7=Yotl 
3/2 2 
¥8 Yo + 7 ra 
_ 42 2 
Yio = Yo TF 
_ 2v2 1 
Yi = Yo Tg 
_ 2V2 1 
¥13 = Yo tS 
_ 472 2 
y14 = Yo ata 
_  3V2_ 2 
Yi6 = Yo 7 7 
Yi7 = Yo—1 
Yio = Yo —1 
_  8vV2_ 2 
Y20 = Yo TF 
_ 4/2 2 
Y22 = Yo ate 
_  2V2 1 
Y23 = Yo a TF 


Here are the eight curves with control points. 


